Abstract. We define the concept of normal formal group laws and study their properties. As an application, we simplify the notations of formal affine Demazure algebras and formal affine Hecke algebras. Moreover, for root systems of type different from G 2 , we prove that the coefficients appeared in the relations of the generators of the formal affine Hecke algebras belong to the formal group algebra.
Introduction
Let R be a commutative ring and F be a formal group law over R. For the weight lattice Λ of a root system, the formal group algebra R[ [Λ] ] F was defined in [CPZ] . It can be thought as an algebraic replacement of the equivariant oriented cohomology theory of algebraic varieties. For each root α, the formal Demazure operator ∆ [KK] (and some other literatures, for example, [Gin] and [Lus] ), in [HMSZ] , these operators were constructed as elements (called the formal Demazure elements ∆ The algebra generated by the formal Demazure elements ∆ α is called the formal affine Demazure algebra D F . This provides a more convenient way to study the equivariant cohomology theory (for example, see [CZZ] ).
On the other hand, in the classical theory of Hecke algebras (in which case F = F m , the multiplicative formal group law), the Demzaure element ∆ Fm α can be thought as degeneration of generator T sα = T Fm sα of (affine) Hecke algebras. Following this direction, for arbitrary F , the formal affine Hecke algebra H F was defined in [HMSZ] . It is generated by T F sα i with α i among a fixed set of simple roots. The quadratic relations and the braid type relations between the generators were constructed, but the latter ones come with some auxiliary coefficients. As a result, H F could only be considered as an algebra over some ring extended from the formal group algebra. The goal of this paper is to study these coefficients and to remove this extension.
For a (one-dimensional commutative) formal group law
a ij x i y j , a ij ∈ R such that a := a 11 is invertible in R, we define a new formal group lawF and call it the associated normalization. This new formal group law is isomorphic to F but with more explicit and simple formal inverse element. With the normalization, we simplify the notations of formal (affine) Demazure algebras D F and formal (affine)
Date: February 1, 2013.
Hecke algebras H F . Moreover, we show that (Theorem 4.5), when a is invertible, the coefficients appeared in the braid type relations of the generators T
] F for root systems of all types (except for type G 2 ). Consequently, H F is an algebra over the formal group algebra. This fact is proved in [CZZ] but our proof makes the relations more explicit.
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Notations
Let R be an integral domain. Let (Λ, Φ, ρ) be a reduced root system, i.e., a free abelian group Λ of rank n (the weight lattice), a finite subset Φ of Λ whose elements are called the roots, and a map ρ :
is the canonical pairing between Λ ∨ and Λ. The Weyl group is the group generated by s α , α ∈ Φ. We fix a set of simple roots {α 1 , ..., α n } ⊂ Φ, and denote [n] = {1, ..., n}. Let ℓ be the length function, and let m ij be the order of s i s j in W for i = j. In this paper we consider root systems of all types except for type G 2 . Therefore, 2 ≤ m ij ≤ 4
Let F be a one-dimensional formal group law over R, i.e., a power series
a ij x i y j , a ij ∈ R satisfying the following properties
, and F (x, 0) = x.
We sometimes write x + F y for F (x, y), and denote the formal inverse of x by ı F x. In this paper we always assume that a := a 11 = 0. For example, the polynomial F M (x, y) = x + y − axy with a = 0 defines the multiplicative formal group law.
Formal affine Demazure algebras and formal affine Hecke algebras
In the present section, we recall briefly the definitions and properties of formal group algebras [CPZ] , formal affine Demazure algebras and formal affine Hecke algebras [HMSZ] . 
and the associated graded ring
By [CPZ, Lemma 4.2] , Gr R (Λ, F ) is isomorphic to S * R (Λ), the symmetric algebra. The isomorphism maps x λi to λ i . Moreover, let {w 1 , ..., w n } be the collection of fundamental weights, which is a basis of Λ, then
. But the latter isomorphism is not canonical in general.
For any
The action of the Weyl group W on Λ extends to an action on
By [CPZ, Corollary 3.4] , for any
] F extends to an action on Q F . Define the twisted formal group algebra to be the smash product Q
F as an R-module, and the multiplication is given by
Notice that Q F W is a free (left and right) Q F -module with basis {δ w } w∈W . But it is not a Q F -algebra since the embedding
Here e ∈ W is the identity in W . We denote δ e by 1. 2.4 Definition. For each root α ∈ Φ, we define the Demazure element
Notice that ∆ If there is no confusion, we will denote
It is shown in [HMSZ] 
] F , and we will show that κ
, we sometimes write
and similarly for ∆ I . For each w ∈ W and a reduced decomposition
These definitions depend on the choice of the reduced decomposition of w unless F is the additive formal group law or the multiplicative formal group law [CPZ, Theorem 3.9 ].
2.6 Proposition. [HMSZ, §5] The algebra D F satisfies the following properties: 2.7 Definition. Fix a free abelian group Γ of rank 1 and denote
Let γ be a generator of Γ and denote by x γ the corresponding element in R F .
′ be the respective twisted formal group algebra defined over R F , i.e., (Q
Define the formal affine Hecke algebra H F to be the R F -subalgebra of (Q
Notice that Θ F , µ F (x γ ) and κ 
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If F is clear in the context, we write
For a sequence I = (i 1 , ..., i l ) with i j ∈ [n], we denote
For each w ∈ W , choose a reduced decomposition w = s i1 · · · s ir and define T w = T i1 · · · T ir . Unless F is the multiplicative or additive formal group law, this T w will depend on the choice of reduced decomposition.
2.8 Proposition. [HMSZ, §7] For each w ∈ W , fix a reduced decomposition and prop:hecke define T w correspondingly. The algebra H F satisfies the following properties:
(
. Then: (6) Then the set {T w } w∈W forms a basis of 
Normalization of formal group laws
In this section we will define the concept of a normal formal group law. Recall that ı F x is the formal inverse of x, i.e., x + F ı F x = 0. Then it is easy to show that
where a = a 11 is the coefficient of xy in F (x, y). Define the power series
The power series h(x) has leading term ax, and if a is invertible in R, so h has a composition inverse. That is, there is a power series
Recall that a homomorphism of formal group laws g : F → G is a power series
thm:fglkey 3.1 Theorem. If a is invertible in R, then there exists a formal group lawF such that h : F →F is an isomorphism with the inverse f :F → F . Moreover, ıF x = Proof. Define
It is straightforward to show thatF is a formal group law. By definition,
So h : F →F defines a homomorphism of formal group laws. Since f (h(x)) = h(f (x)) = x, so h is an isomorphism and f :F → F is its inverse. Next we compute the inverse element with respect toF . Let y = h(ı F f (x)), then
Recall that by definition, ı F x = (h(x) − 1)x, therefore, by uniqueness of inverse, we see that
On the other hand, we have
Letting h(x) = z, then x = f (z), we see that
Therefore, ıF z = 3.2 Definition. Suppose that a = 0. We say that a formal group law F is normal if ı F (x) = x x−1 . If F is not normal but a is invertible in R, then the associated normal formal group lawF exists, and we call it the normalization of F .
3.3 Example. For multiplicative formal group law F M (x, y) = x + y − axy with a invertible in R, we have
This justifies the name "normalization".
3.4 Lemma. If F is normal, then h(x) = ı F (x). In particular, the isomorphism h : F →F maps x to ı F (x).
Proof. Since F is normal, ı F (x) = x x−1 . Therefore,
formal affine Demazure algebras and formal affine Hecke algebras of normal formal group laws
In the present section, we apply the normalization of formal group laws to simplify the notations of formal affine Demazure algebras D F and formal affine Hecke algebras H F . As an application, we prove the main result (Theorem 4.5) of this paper.
Recall that h(x) = ıF x+x x and f is its composition inverse.
lemma:1 4.1 Lemma. If a is invertible in R, then there is a canonical isomorphism of rings
with inverse
In particular, there are isomorphisms
and extend linearly. Since
F , the conclusion of the second part follows.
lemma:2 4.2 Lemma.
(1) If F is normal, then κ F α = 1 and eq:kappaij eq:kappaij
Proof.
(1) By Theorem 3.1, we see that κ F α = 1. Therefore, eq:kappa eq:kappa
Substituting it into κ F ij , we get the formula (4). Since the formula (4) is symmetric with respect to i and j, so κ F ij = κ F ji . Moreover, using identity (5) we can verify that κ
lemma:3
4.3 Lemma. If a is invertible in R, then the map φ f induces ring isomorphisms
Since h(x) has leading term ax, so f (x) has leading term
Recall that
]F , by the proof of Lemma 4.2, we see that
Therefore, applying the isomorphism ıF :
Clearly φ h • ıF is its inverse. Therefore, H F ∼ = HF .
Notice that the map φ h • ıF :
We simply the notations of D F :
thm:demazure 4.4 Theorem. If F is normal, the algebra D F satisfies the following properties:
Moreover, κ ij is invariant under s i and s j .
Moreover, κ ij + κ i,i+j is invariant under s i and s j .
Proof. (1) By Lemma 4.2, κ α = 1. Therefore, from Proposition 2.6, we get the conclusion.
(2) By Lemma 4.2, we see that κ ij = κ ji . Moreover, direct computation shows that s i (κ ij ) = s j (κ ij ) = κ ij . The conclusion then follows from Proposition 2.6.
(3) By Lemma 4.2, we see that κ i+2j,−j = κ −j,i+2j = κ j,i+j . Moreover, direct computation shows that κ ij +κ i,i+j is invariant under s i and s j . Therefore, ∆ i (κ ij + κ i,i+j ) = ∆ j (κ ij + κ i,i+j ) = 0. Then conclusion then follows from Proposition 2.6. 4.5 Theorem. If F is normal, then the algebra H F satisfies the following properties:
( (2) and (4) of Proposition 2.8 and (1) and (2) of this theorem. If F is not normal but a is invertible in R, then H F satisfies the above properties after replacing κ F ij (resp. κ (2): By direct computation of T jiji − T ijij based on the fact that κ α = 1, one gets the conclusion.
(3): Since we only consider root systems of type different from type G 2 , so m ij ≤ 4. Therefor, the elements τ ij w appeared in Proposition 2.8 belong to the set {κ ′ to κF ij . Therefore, the R-algebra H F satisfies the properties (1)-(5) above after replacing κ ′ .
